We develop a first quantization description of fractional Chern insulators that is the dual of the conventional fractional quantum Hall (FQH) problem, with the roles of position and momentum interchanged. In this picture, FQH states are described by anisotropic FQH liquids forming in momentum-space Landau levels in a fluctuating magnetic field. The fundamental quantum geometry of the problem emerges from the interplay of single-body and interaction metrics, both of which act as momentum-space duals of the geometrical picture of the anisotropic FQH effect. We then present a novel broad class of ideal Chern insulator lattice models that act as duals of the isotropic FQH effect. The interacting problem is well-captured by Haldane pseudopotentials and affords a detailed microscopic understanding of the interplay of interactions and non-trivial quantum geometry. The effects of topology and quantum geometry in condensed matter physics have recently garnered immense attention. With topological insulators and the quantum anomalous Hall effect constituting the well-understood case of non-interacting or weakly-correlated electron systems [1] [2] [3] , the recent theoretical discovery of the fractional quantum Hall (FQH) effect in nearly-flat bands with non-trivial topology [4-8] poses deep questions regarding the confluence of strong interactions and nontrivial quantum geometry. On one hand, an experimental realization of such a fractional Chern insulator (FCI) could conceivably push relevant energy scales by an order of magnitude, paving the way to robust FQH signatures [9] [10] [11] [12] [13] [14] . On the other hand, the disparity of conventional Landau levels and flat bands with non-zero Chern number C suggests a rich playground to realize novel states with topological order that cannot be attained in a conventional electron gas in a magnetic field [15, 16] , while simultaneously presenting a profound challenge to understand the underlying microscopics of strong interactions.
The effects of topology and quantum geometry in condensed matter physics have recently garnered immense attention. With topological insulators and the quantum anomalous Hall effect constituting the well-understood case of non-interacting or weakly-correlated electron systems [1] [2] [3] , the recent theoretical discovery of the fractional quantum Hall (FQH) effect in nearly-flat bands with non-trivial topology [4] [5] [6] [7] [8] poses deep questions regarding the confluence of strong interactions and nontrivial quantum geometry. On one hand, an experimental realization of such a fractional Chern insulator (FCI) could conceivably push relevant energy scales by an order of magnitude, paving the way to robust FQH signatures [9] [10] [11] [12] [13] [14] . On the other hand, the disparity of conventional Landau levels and flat bands with non-zero Chern number C suggests a rich playground to realize novel states with topological order that cannot be attained in a conventional electron gas in a magnetic field [15, 16] , while simultaneously presenting a profound challenge to understand the underlying microscopics of strong interactions.
Most of our current understanding regarding FCIs stems from exact diagonalization (ED) of small clusters for C = 1 [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] and C > 1 [31] [32] [33] [34] [35] , mutatis-mutandis mappings of the Hilbert space of flat Chern bands to the lowest Landau level (LLL) [15, [36] [37] [38] [39] [40] or vice versa [16] , and approximate long-wavelength projected density algebra [41] [42] [43] [44] [45] [46] [47] [48] . The latter approaches however treat exclusively the universal long-wavelength continuum limit of the FQH problem, whereas the presence and relevance of the lattice manifests itself in the short-wavelength physics. This conundrum is highlighted by the zoo of FCI lattice models established so far, which display strongly varying proclivities to host stable FQH phases that do not correlate well with simple measures such as "flatness" of band dispersion and Berry curvature.
At its heart, the theoretical challenge stems from the fact that the immense success in describing the microscopics of the conventional FQH effect resists a simple description in second quantization [49] that is essential to describe interacting electrons on the lattice [50] [51] [52] [53] [54] [55] . A resolution is crucial to provide a foundation for studies of non-Abelian phases [56] [57] [58] and to provide microscopic insight that can ultimately drive experimental discovery.
In this work, we develop a first quantization description of FQH states in FCIs that leads to an effective Hamiltonian that is the dual of the usual FQH problem, with the roles of position and momentum interchanged. In this picture, the FCI analogues of FQH states are described by anisotropic FQH liquids forming in momentum-space Landau levels in a fluctuating magnetic field. In analogy to Haldane's geometrical description of the anisotropic FQHE [59] [60] [61] , the effective interacting system is governed by the interplay of a single-body and interaction metric that determines the fundamental guiding center geometry. Guided by these insights, we then present and provide examples of a broad class of ideal FCI host lattice models that constitute the FCI analog of the isotropic FQHE. These models afford a particularly simple description of the interacting low-energy dynamics, acting as FQH parent Hamiltonians with emergent guiding center and SU(C) symmetry. The effects of quantum geometry and Berry curvature fluctuations are analyzed in terms of Haldane pseudopotentials.
Consider a 2D band insulator hosting an isolated fractionally-filled flat band with non-zero C, generically described by an N -orbital Bloch Hamiltonianĥ k . In band basis, the flat band of interest is spanned by Bloch states |u k with dispersionĥ k |u k = |u k . If the energy required for interband excitations is larger than intra-band Coulomb interactions, then the kinetic energy within the band is effectively quenched while momentumdependent orbital mixing of Bloch states gives rise to a non-trivial quantum geometry, expressed by a gauge field and a Riemann metric on CP N −1 for the Bloch band, the Berry curvature Ω(k) and Fubini-Study metric g µν (k): Here, A ν (k) is the Berry connection, and C =
We use lattice constants a 0 = = 1. The first task at hand is to describe the guidingcenter basis. In the case of an isotropic free electron gas in a magnetic field, Laughlin constructed a series of incompressible FQH trial wave functions [62] for odd-fraction filling factors, from a single-body basis of radially-localized symmetric-gauge LLL wave functions r|m ∼ z m e −|r| 2 /4 , which are uniquely determined by demanding that they are eigenstates of the angular momentum operator. While angular momentum does not readily translate to the lattice, a key observation is that such states are simultaneous eigenstates of a parabolic confinement potentialV (r) = λ 2 r 2 projected to the LLL:
A natural way to adapt this construction to an FCI is to consider anisotropic confinement on a lattice, witĥ
where η µν is a unimodular Galilean metric which a priori serves as a variational degree of freedom with the constraint thatV (r) retains the discrete rotational symmetries of the host lattice. Here, r = m 1 a 1 +m 2 a 2 , m 1,2 ∈ Z indexes the unit cell, where a 1,2 (b 1,2 ) are the (reciprocal) lattice vectors. PlacingV on an L × L lattice via appropriate long-distance regularization [63] , the low-energy dynamics follow from projection onto the flat band using projectorP = k |k u k |, and taking L → ∞:
whereΠ µ are momentum-space analogues to the usual canonical momentum operators, with µ = x, y:
Isotropic case: Physical insight may be gleaned by identification with an electron in a magnetic field but in momentum-space; η µν = δ µν is particularly instructive:
In analogy to the Aharonov-Bohm effect in a magnetic field, electrons scattering at small momenta pick up Berry phase factors. Ω(k) identifies with the magnetic field, and eigenstates are momentum-space Landau levels (MLLs), whereas the underlying lattice is fully accounted for via torus boundary conditions in k. Anisotropic case: The confinement metric η µν can be expressed in terms of a complex vector ω that obeys
] . Corresponding guiding center operatorŝ
obey commutation relations [π,π † ] = Ω when ∂ kµ ω µ = 0, which fixes a phase freedom ω → ωe iϕ . Substituting (7) in (4) yields the confinement Hamiltonian in guidingcenter language that determines the single-body basis:
Comparison with Haldane's construction [59] reveals that η µν is precisely the FCI momentum-dual of the guidingcenter metric of the anisotropic FQHE. Given an appropriate choice of η µν (k), any FCI can in principle be captured by many-body trial ground states, constructed from the single-body eigenstates of (8) . For instance, given the lowest MLL wave function Ψ 0 (k) and ladder operatorsâ † that generate the MLLs of (8), the Laughlin state at ν
With the guiding-center basis established, determining η µν remains the key challenge. Importantly, (8) describes momentum-space dynamics dual to a spin-polarized electron gas in a fluctuating magnetic field [67] if η µν g µν = Ω. Above condition can be met if and only if
This is the condition for an ideal FCI droplet. In deriving this result, a positive Chern number was assumed without loss of generality. The above condition is satisfied by every two-band model [63] while placing constraints on models with three or more bands. Conversely, the ideal droplet condition fixes a preferred guiding-center metric:
Interactions: Insight into stabilization of trial states may be gleaned by recasting into first quantization the dynamics of the interacting many-body problem. In analogy to the FQHE, density interactions may be generalized using a momentum-space interaction metricη µν :
µν ∂ kν enters as a metric-dependent momentum-space translation operator. In contrast to the FQHE on the plane, translation symmetry ofĤ I and periodicity in q constrainη µν to SL(2, Z). Importantly, the precise guiding center metric is still a variational degree of freedom if the deviation of (10) andη µν is significant. To analyze the dynamics in detail, note that if the ideal droplet condition (9) is satisfied, then an exact operator identity [ 
with analytic functions Λ ± can be projected to the flat band asPÔP =Λ
with complex vector χ: if χ is momentum-independent, then the translation operator is precisely of this form:
µ ∂ kµ with q ± = q µχ µ , q µ χ µ -this case is considered in detail below [68] . Note that in the isotropic limitη µν , η µν = δ µν ,T q reduces to the conventional isotropic translation operatorT q = e iq·(−i∇ k ) with q ± = q x ± iq y , while H I is just the usual density interaction. While emphasis has thus far been placed on narrowing down to a suitable class of interactions, substantial progress has been made: projected to the flat band, the joint dynamics of (3), (11) can now be succinctly expressed in guiding-center language:
This Hamiltonian is the central result of this paper -it provides a first-quantized description of the lowenergy dynamics of an ideal FCI in terms of the quantum geometry η µν ,η µν of the lattice. Its interaction describes a two-body momentum-space magnetic translation, and acts solely on the relative guiding center degrees of freedom. A key consequence is the approximate conservation of center-of-mass guiding center, quantified by Berry curvature fluctuations averaged over the BZ with
2 span the twobody problem in the Chern band [69] . Furthermore (12) does not act on the intra-MLL index n, stipulating an emergent SU(C) symmetry for C > 1 [70] .
The physics of the above Hamiltonian can be studied via a pseudopotential decomposition of the two-body interaction matrix elements V 
Here, 1 F 1 (·) is the Kummer confluent hypergeometric function. The well-known pseudopotentials of the conventional FQHE can be readily recovered for m = m ,
Ω . Isotropic ideal FCI models: While the above prescription treats the general anisotropic case, a key question concerns finding FCI analogs of the isotropic FQHE. Such models exist indeed: the isotropic case η µν =η µν = δ µν with corresponding Fubini-Study metric g xx − g yy = g xy = 0, tr g(k) = Ω(k) is uniquely satisfied by any Bloch state that can be written without normalization as a meromorphic function |ū k = ū kx+iky . The number of poles in the BZ defines the Chern number [72] . Periodic boundary conditions in k restricts ū kx+iky to elliptic functions, constrained to C ≥ 2. Skew-anisotropic guiding center metrics ensue from distortions of the lattice: for instance, a 'squeezed' FQH liquid with η xx = 1/ζ, η yy = ζ readily follows from a strain deformation of the BZ with k x → ζk x .
To illustrate our construction, we consider two multiorbital toy models on the square lattice for C = 2, 3 [75] , with the guiding-center basis of MLLs depicted in fig. 1 :
Here, ℘(z) is the Weierstrass elliptic function with periods 2π, 2πi and a second-order pole at the Γ point, and α = 5.77, β = −7.64, γ = 6.73 are band structure parameters, chosen to minimize Berry curvature fluctuations. The corresponding Bloch Hamiltonians are not unique; a possible definition with a flat band is
In general, h C (k) exhibits long-ranged but exponentially-decaying hopping terms [72] 
with nearest-and next-nearest-neighbor hoppings.
Analysis: We apply the first-quantized interacting formalism to the FCI models discussed above. In addition to the ideal isotropic models (14,15), we study a conventional p x , p y , d x 2 −y 2 three-orbital C = 1 model on the square lattice [50] that does not satisfy (9) . To discuss the influence of Berry curvature, we furthermore deform this model by adiabatically adding numerically optimized hoppings up to 5 th neighbor to attain Ω(k) approximately flat over the BZ (var(Ω k ) ≈ 10 −6 ) while preserving lattice symmetries and C ( fig. 1g) [63] . Employing a MLL basis constructed on a 160×160-site lattice, two-body interaction matrix elements and corresponding pseudopotentials are evaluated in Fig. 2 for on-site and NN density interactions withη µν = δ µν . The C = 2, 3 ideal lattice models display both emergent guiding-center and SU(C) symmetries, manifested in a vanishing centerof-mass dependence of pseudopotentials (figs. 2b, 2c), and suppression of symmetry-breaking two-body interaction terms ( fig. 2d ). As anticipated from (13), on-site repulsion results in a non-zero pseudopotential only for V 0 , acting as an optimal (221)-Halperin state [73] parent Hamiltonian for hardcore bosons, whilst not stabilizing fermionic FQH states [74] . The latter can be remedied by tuning NN repulsion to tune V 1 , V 3 . The controlled expansion in pseudopotentials is a key merit of this construction and highlights that, contrary to common perception, the confluence of flat Berry curvature and local interaction does not stabilize a fermionic FQH liquid in an FCI. Conversely, the non-optimal C = 1 models violate (9) and do not pin the guiding-center metric to g. The guiding-center description (12) is incomplete, broadening the effective interaction range with non-vanishing and decaying V m ∀m with substantial center-of-mass deviation even for a purely local interaction whilst breaking guiding center symmetry. This situation is largely independent of the uniformity of Berry curvature, as shown by the optimized C = 1 model with flat Ω (fig. 2a) . We stress that this highlights the shortcomings of long-wavelength limit arguments [41] [42] [43] [44] [45] [46] [47] in predicting the microscopics of the FQHE on the lattice.
In summary, we introduced a first-quantized description of FCIs, with the FQHE emerging in a picture of anisotropic momentum-space Landau levels in a fluctuating magnetic field. We presented a novel class of ideal FCI droplet host lattice models as duals of the isotropic FQHE and demonstrated their optimality via an expansion in Haldane pseudopotentials. A primary goal of this work is to establish a deeper microscopic understanding of the stabilization of FQH states in flat Chern bandsthe resulting interplay of topology and geometry to determine long-and short-wavelength physics on the lattice serves as a natural application of the formalism of the anisotropic FQHE. The results presented set a foundation for microscopic analysis of non-Abelian phases on the lattice and extension to fractional topological insulators.
We [66] The energy penalty of a steep confinement potential is approximately m|(r/r0) u |m ∼ (C/r0) u m u , hence a finite geometry with a certain filling ν may be selected by truncating at a maximum guiding center index mmax.
[67] N. Nagaosa, Quantum Field Theory in Condensed Matter Physics [68] The general case follows from deformation of e
and functions q±(q) to satisfŷ Tq | q→0 ≈ 1 − iqµη µν (−i∂ kν ) whilst ensuring translation symmetry of (11).
[69] Equivalently, two-body eigenstates ofπ † relπrel |m = m |m display perfect center-of-mass degeneracŷ π
Supplementary Material
Momentum-Space Landau Levels
As described in the main text, the guiding-center basis in a FCI can be understood in terms of momentum-space Landau levels (MLLs). We seek the low-energy momentum-space dynamics induced by a real-space confinement potentialV (r) = 
The regularized form of the confinement potential is used for numerical results presented in the main text. Choosing a sufficiently large lattice, one can solve for the guiding-center basis as eigenstates ofH 0 +V reg , where care must be taken to ensure that the band gap ofH 0 is much larger than the depth of the confinement potential. As is canonical in numerical studies of FCIs, we assume that the energy scale of interactions in the flat band is much greater than its band width and work with a modified lattice HamiltonianH 0 = 1 kĤ 0 to eliminate residual dispersion k in the flat band. This step is not necessary for the ideal models of equations (14), (15) in the main text, as they intrinsically exhibit a perfectly flat Chern band. The low-energy dynamics follow from projectingV reg onto the reduced Hilbert space built from the set of Bloch states |u k spanning the flat band, and taking the thermodynamic limit:
where A µ = −i u k |∂ µ |u k is the Berry connection, Ω = µν ∂ µ A ν is the Berry curvature, and the Fubini-Study metric g µν is defined as:
The last line of equation 17 uses the fact that the metric tensor η µν is symmetric, hence η µν µν = 0. In terms of operatorsΠ µ = −i∂ µ + A µ , one finally arrives at the first-quantized Hamiltonian (4) described in the main text.
Ideal Droplet Condition -Two-Band Models
The ideal droplet condition 2 det g(k) = Ω(k) is automatically satisfied by any two-band FCI model. To see this, consider a generic two-band Bloch Hamiltonian h(k) = (k)d(k) · σ parameterized by unit vectord(k) and dispersion ± (k), where σ are the Pauli matrices in orbital basis. The Berry curvature and Fubini-Study metric read:
where z,z = k x ± ik y . The corresponding Berry curvature and Fubini-Study metric may be evaluated straightforwardly:
If the unnormalized Bloch state is a function only of k x + ik y , then ∂zφ n = 0 and it follows by inspection that Ω = tr g = 2 √ det g and g xx − g yy = g xy = 0. The corresponding droplet confinement metric is just the Euclidean metric as described in the main text. Generally, one can consider an arbitrary static lattice deformation defined by transformation k −→ U · k. As such a transformation preserves both Ω and det g, Ω = 2 √ det g remains satisfied, whereas the confinement metric changes to deform the shape of the droplet accordingly.
To study the effects of Berry curvature fluctuations, we introduced in the main text a C = 1 model with flat Berry curvature. This model is adiabatically connected to the three-orbital model by Sun et al. [50] by adding longer-ranged hopping terms to minimize Berry curvature fluctuations. We start from the original lattice Hamiltonian
for a three-orbital model on the square lattice with d x 2 −y 2 , p x , p y orbitals per site. This model exhibits a C 4 rotational symmetry and mirror symmetries with symmetry operatorŝ
whereR π/2 ,Î x andK are π/2 rotation, x-reflection and complex conjugation operators, respectively. To proceed, we write down the most general model Hamiltonian with up to 5 th neighbor hoppings between orbitals that is invariant under the symmetry operations above. The parameter vector v of hopping amplitudes serve as the variational parameter of the numerical minimization of Berry curvature fluctuations using cost function
The minimization procedure uses the original 3-orbital model parameters as starting values for v. 
